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a b s t r a c t
By using the method of Yu, Zhang and Qian in [J.S. Yu, B.G. Zhang, X.Z. Qian, Oscillation
of delay difference equations with oscillating coefficients, J. Math. Anal. Appl. 177 (1993)
432–444], we prove another oscillation criterion for all solutions of the following linear
delay difference equation
xn+1 − xn + pnxn−k = 0, n = 0, 1, 2, . . .
where {pn} is a sequence of real numbers and k is a positive integer.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Recently the delay difference equation of the form
xn+1 − xn + pnxn−k = 0, n = 0, 1, 2, . . . (1)
has been investigated by many authors for the stability, oscillation and global behavior. A solution {xn} of Eq. (1) is said
to be oscillatory if the terms {xn} of the sequence are not eventually positive or eventually negative. Otherwise, the
solution is called nonoscillatory. In the case that {pn} is a nonnegative real sequence, we refer the reader to [2–21] and
the references therein. Oscillation of Eq. (1), when {pn} is a real sequence, was studied by Yu, Zhang and Qian [1], and by
Yu and Tang [22]. But unfortunately some of the results in [1] are incorrect. Because they are based on the false discrete
version of Koplatatze–Chanturia Lemma (see [2,4,6,17]). In this paper, by using the method of Yu, Zhang and Qian in [1], we
establish another criterion for the oscillation of all solutions of Eq. (1), where {pn} is a sequence of real numbers.
2. Main results
Let 0 < ε < 1, and 0 < α ≤ ( 1k+1 )
k+1
k . We define h(x) := (kα)kxk+1
(x−1)k . Since h is strictly increasing on (k + 1, 1αk ),
h(k+ 1) ≤ 1, and h( 1
αk
) > 1 there exists a unique xα ∈ [k+ 1, 1αk ) such that h(xα) = 1. We put
g(α) := xα, ∀α ∈
(
0,
(
1
k+ 1
) k+1
k
]
. (2)
Therefore we have
(kα)k(g(α))k+1
(g(α)− 1)k = 1, ∀α ∈
(
0,
(
1
k+ 1
) k+1
k
]
.
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For 0 < α < 1, we define
g1(α) := max
{
1
αk
,
1
ε
}
, gi+1(α) := 1
(kα)k
(
1− 1
gi(α)
)k
, (i = 1, 2, . . .). (3)
Since h is strictly increasing on interval (k+ 1,+∞), and g1(α) > g(α) and by definition of g(α), we have
g2(α) = 1
(kα)k
(
1− 1
g1(α)
)k
< g1(α), ∀α ∈
(
0,
(
1
k+ 1
) k+1
k
]
.
Since g1(α) > g(α) and by definition of g(α), we have again
g2(α) = 1
(kα)k
(
1− 1
g1(α)
)k
>
1
(kα)k
(
1− 1
g(α)
)k
= g(α).
By induction, we obtain the sequence {gi(α)} which is decreasing and bounded from below by g(α). Suppose that
limi→+∞ gi(α) = g¯(α). By (3), we get
(kα)k(g¯(α))k+1
(g¯(α)− 1)k = 1, ∀α ∈
(
0,
(
1
k+ 1
) k+1
k
]
.
By definition of g(α), we obtain limi→+∞ gi(α) = g(α). For α > ( 1k+1 )
k+1
k , suppose to the contrary g2(α) ≥ g1(α). If
g1(α) = 1αk then g2(α) = 1kkαk (1 − αk)k ≥ 1αk ⇒ 1 − αk ≥ k, a contradiction. If g1(α) = 1ε then g2(α) = 1(kα)k (1 − ε)k ≥
1
ε
⇒ ε(1− ε)k ≥ kkαk > kk
(k+1)k+1 a contradiction because ε(1− ε)k ≤ k
k
(k+1)k+1 . By induction if we suppose gi(α) < gi−1(α)
and gi(α) > 0 we can prove gi+1(α) < gi(α). Therefore the finite sequence {gi(α)}mi=1 is decreasing provided gi(α) > 0 for
i = 1, 2, . . . ,m− 1.
Lemma 1. Suppose that {xn} be a solution of Eq. (1) such that for a positive integer n¯, xn > 0 on {n¯− 3k, . . . , n¯+ 2k} and
pn ≥ ε on {n¯− 2k, . . . , n¯+ 2k} and
1
k
n+k−1∑
i=n
pi ≥ α > 0, ∀n ∈ {n¯− k, . . . , n¯+ k} .
We define
M := max
n¯−k≤n≤n¯
xn
xn+k
M1 := max
n¯≤n≤n¯+k
xn
xn+k
.
Then
M ≤

1
(kα)k
(
1− 1
M1
)k
, α >
(
1
k+ 1
) k+1
k
max
{
g(α),
1
(kα)k
(
1− 1
M1
)k}
, 0 < α ≤
(
1
k+ 1
) k+1
k
.
Proof. From Eq. (1), we have
xn+i+j = xn+i+j+1 + pn+i+jxn+i+j−k, i = 0, . . . , k− 1, j = 1, . . . , k.
Summing above equality from i = 0 to i = k− 1, we get
xn+j = xn+j+k +
k−1∑
i=0
pn+i+jxn+i+j−k, j = 1, . . . , k.
Since xn and pn are positive for each n ∈ {n¯− 2k, . . . , n¯+ k}, we obtain
xn+j ≥ xn+j+k +
(
k−1∑
i=0
pn+i+j
)
xn+j−1, ∀n ∈ {n¯− k, . . . , n¯} . (4)
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Also for each n ∈ {n¯− k, . . . , n¯} , xn+j−1 > 0 and xn+j > xn+j+k for j = 1, . . . , k. Dividing both sides of (4) by xn+j−1, we get
xn+j
xn+j−1
≥ xn+j+k
xn+j−1
+
(
k−1∑
i=0
pn+i+j
)
, ∀n ∈ {n¯− k, . . . , n¯} . (5)
Again by (4), we have
xn+j − xn+j+k
k−1∑
i=0
pn+i+j
≥ xn+j−1, ∀n ∈ {n¯− k, . . . , n¯} . (6)
From (5) and (6), we obtain
xn+j
xn+j−1
≥ xn+j+k
xn+j − xn+j+k
(
k−1∑
i=0
pn+i+j
)
+
(
k−1∑
i=0
pn+i+j
)
= xn+j
xn+j − xn+j+k
(
k−1∑
i=0
pn+i+j
)
=
(
k−1∑
i=0
pn+i+j
)(
1− xn+j+k
xn+j
)−1
≥ kα
(
1− xn+j+k
xn+j
)−1
.
Multiplying both sides of the above inequality from j = 1 to j = k, we get
xn+k
xn
=
k∏
j=1
xn+j
xn+j−1
≥ (kα)k
k∏
j=1
(
1− xn+j+k
xn+j
)−1
≥ (kα)k(1−max {M,M1}−1)−k
for each n ∈ {n¯− k, . . . , n¯}. It follows that
xn
xn+k
≤
(
1
kα
)k
(1−max {M,M1}−1)k, ∀n ∈ {n¯− k, . . . , n¯} .
This implies that
M ≤
(
1
kα
)k
(1−max {M,M1}−1)k.
In the case that α >
( 1
k+1
) k+1
k , if max {M,M1} = M then M ≤
( 1
kα
)k (
1− 1M
)k
< (k+1)
k+1
kk
(
1− 1M
)k ≤ M a contradiction.
Otherwise, if max {M,M1} = M1, then the conclusion of this lemma is true. Now, suppose that 0 < α ≤
( 1
k+1
) k+1
k , if
max {M,M1} = M then
M ≤
(
1
kα
)k (
1− 1
M
)k
⇒ (kα)
kMk+1
(M − 1)k ≤ 1⇒ M ≤ g(α).
Otherwise, max {M,M1} = M1 and then
M ≤
(
1
kα
)k (
1− 1
M1
)k
.
This proves the lemma. 
Lemma 2. Let {ni}mi=0 be a sequence of positive integers such that ni = ni+1 − k for i = 0, . . . ,m − 1. Suppose that {xn} be a
solution of Eq. (1) such that xn > 0 on {n0 − 3k, . . . , nm + 2k}, pn ≥ 0 on {n0 − 2k, . . . , nm + 2k}, pn ≥ ε on {n0, . . . , nm + k},
and
1
k
n+k−1∑
i=n
pi ≥ α > 0, for n0 ≤ n ≤ nm.
We define the sequence {Mi}mi=1 as follows
Mi+1 = max
nm−(i+1)≤n≤nm−i
xn
xn+k
, i = 0, 1, . . . ,m− 1.
Then Mi ≤ gi(α) for each i = 1, 2, . . . ,m.
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Proof. From Eq. (1) for each nm−1 ≤ n ≤ nm, we have
xn+k+1 − xn+k + pn+kxn = 0 ⇒ pn+k xnxn+k = 1−
xn+k+1
xn+k
< 1
⇒ xn
xn+k
<
1
pn+k
≤ 1
ε
≤ g1(α)⇒ M1 ≤ g1(α).
If 0 < α ≤ ( 1k+1 ) k+1k , by Lemma 1, we get
M2 ≤ max
{
g(α),
1
(kα)k
(
1− 1
M1
)k}
≤ max
{
g(α),
1
(kα)k
(
1− 1
g1(α)
)k}
= max {g(α), g2(α)} = g2(α).
By induction, we getMi ≤ gi(α) for each i = 1, . . . ,m. If α >
( 1
k+1
) k+1
k we take n¯ = nm−1, from Lemma 1, we have
M2 ≤
(
1
kα
)k (
1− 1
M1
)k
≤ 1
(kα)k
(
1− 1
g1(α)
)k
= g2(α).
By induction,Mi ≤ gi(α) for each i = 1, . . . ,m. 
Lemma 3. Suppose that {xn} be a solution of Eq. (1) and for an n¯, xn > 0 on {n¯− 3k, . . . , n¯+ 2k}, and pn ≥ ε on
{n¯− 2k, . . . , n¯+ 2k} then
M = max
n¯−k≤n≤n¯
xn
xn+k
≥ (1− ε)−k.
Proof. From Eq. (1), we have
xn+i+1 = xn+i − pn+ixn+i−k.
Since xn+i > 0 for n ∈ {n¯− k, . . . , n¯} and i ∈ {0, . . . , k− 1}, we get
xn+i+1
xn+i
= 1− pn+i xn+i−kxn+i .
Multiplying above equality from i = 0 to i = k− 1, we get
xn+k
xn
=
k−1∏
i=0
(
1− pn+i xn+i−kxn+i
)
≤ (1− ε)k, ∀n ∈ {n¯− k, . . . , n¯} .
It follows that
M = max
n¯−k≤n≤n¯
xn
xn+k
≥ (1− ε)−k.
The proof is complete. 
Theorem 1. Suppose there exist two sequences
{
aj
}
and
{
bj
}
of positive integers such that bj = aj+Nk and aj+1 > bj, aj →+∞
as j→ +∞, pn ≥ ε > 0 on aj − 3k ≤ n ≤ bj + 2k and 1k
∑n+k−1
i=n pi ≥ α > 0 for aj ≤ n ≤ bj. If gN+1(α)(1− ε)k < 1, then
all solutions of Eq. (1) oscillate.
Proof. Suppose to the contrary {xn} is eventually positive and let
mj0 = aj − k, mj1 = aj, . . . ,mjN+1 = aj + Nk = bj
Mmji
= max
mjN+1−i≤n≤mjN+1−i+1
xn
xn+k
, i = 1, . . . ,N + 1.
By Lemma 2, we have
Mmji
≤ gi(α), ∀i = 1, . . . ,N + 1
MmjN+1
= max
aj−k≤n≤aj
xn
xn+k
≤ gN+1(α).
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By Lemma 3, we get
MmjN+1
≥ (1− ε)−k.
Therefore gN+1(α)(1− ε)k ≥ 1, a contradiction. It follows the theorem. 
Corollary 1. Suppose that pn ≥ , where 0 <  ≤ ( 1k+1 )
k+1
k . If g()(1− )k < 1, then all solutions of Eq. (1) oscillate.
Proof. Since the sequence {gn()} converges to g() as n → +∞, there exists a positive integer N such that gN+1()(1 −
)k < 1. The proof is complete by Theorem 1. 
Corollary 2. If k = 1, and pn ≥  where 0 <  ≤ 14 , then all solutions of Eq. (1) oscillate.
Proof. By (2), we get: g() = 1+
√
1−4
2 , then
g()(1− ) = 1+
√
1− 4
2
(1− ) < 1.
The proof is complete by Corollary 1. 
Finally, we examine an example
Example. Consider Eq. (1)where k = 1, pn =
{−1 if n = 8m
0.4 if n 6= 8m aj = 8j+4, bj = 8j+5. HenceN = 1,α = ε = 0.4, g1(0.4) = 10.4 ,
gN+1(0.4) = g2(0.4) = 10.4 (1− 0.4) = 32 . So
gN+1(α)(1− ε)k = g2(0.4)(1− 0.4) = 0.9 < 1.
Therefore all solutions of Eq. (1) oscillate. 
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